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1. INTRODUCTION 
Let GF(q”) denote the finite field of order q”, where q = p* for some 
integer Y > 0 and some prime ~5. If f is any function from GF(q”) to GF(q”), 
it is well-known that f has a unique polynomial representation 
p-1 
f(4 = ,z 4 (ai E GW”)). (1.1) 
If f is a permutation of GF(qn), the corresponding polynomial f(x) is called 
a permutation polynomial. The set of all such permutation polynomials, 
under composition modulo x Qn - x, forms a group isomorphic to the sym- 
metric group Sqn. If m divides n, so that GF(q”) c GF(q”), then the set 
of permutation polynomials with coefficients in GF@“) forms a subgroup, 
whose structure has been determined by Carlitz and Hayes in [2] as a 
semidirect product of certain symmetric groups and cyclic groups. 
An analogous situation for polynomials of the form 
n-1 
f(x) = ;z wQi (ai E GW?) (1.2) 
was considered by Brawley, Carlitz, and Vaughan in [l]. The set of all 
polynomials of the form (1.2), equipped with composition modulo XP” - x, 
addition, and scalar multiplication by elements of GF(q), is an algebra 
over GF(q) which is isomorphic to the algebra of linear transformations 
of GF(q”) over GF(q), and the group of units of this algebra is the so-called 
Betti-Mathieu group, i.e., the general linear group GL(n, q). 
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The special case when the coefficients ai of (1.2) are restricted to lie 
in GF(q) has been extensively studied by Ore (see [5] and [6]) and also by 
Vaughan in [7]. The set of all such polynomials forms a commutative 
algebra over GF(q) which is isomorphic to GF(q)[x]/(x* - 1). 
In [l], Ore’s work is generalized as follows: for any integer m dividing 
n, set 
R, = 
I 
f(x) = c +;.,xQi 1 ai e GF(qO)) . (1.3) 
It is shown that R, is an algebra which is isomorphic to the algebra of 
m x m matrices with entries from the residue class ring GF(q)[x]/(x” - 1) 
(where n = ms). Finally the group of units of R, is exhibited as a direct 
product of subgroups. 
In the present paper we give a further generalization of the results in [l]. 
Regarding GF(q”) as an n-dimensional vector space over GF(q), let V be 
any m-dimensional subspace of GF(q”) (where 1 < m ,< n). Let R be the 
set of linear transformations of GF(qn) which leave V invariant. Then R, 
equipped with composition of linear maps, addition, and scalar multiplica- 
tion by elements of GF(q), is an algebra over GF(q), and the group G of 
units of R is a subgroup of GL(n, q). The main result of this paper (proved 
in Sec. 3) is that G has the following decomposition as a direct product of 
groups : 
G = GL(m, q) x H x GL(n - m, q), (1.4) 
where H, considered as an abstract group, is defined by 
(i) the order of H is q”(“-“), 
(ii) H is commutative, 
(iii) every element of H has order p. (1.5) 
In addition, H is normal in G, and H x GL(n - m, q) is isomorphic to 
a normal subgroup of G. 
In Sec. 4, we discuss in detail the special case when m = 1, and in 
Sec. 5, the case of any m dividing n is considered. In these cases, the algebra 
R and the group H may be represented explicitly as sets of linear poly- 
nomials of the form (1.2). 
2. PRELIMINARIES 
Let V be a vector space of dimension n over a finite field GF(q). 
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LEMMA 2.1. (a) The cardinality of GL(n, q) is given by 
n-1 
IGLh 41 = JQW - cd. (2.2) 
(b) The number of distinct ordered bases of V is IGL(n, q) 1. 
(c) If W is an m-dimensional subspace of V, then the number of distinct 
ordered sequences of n - m vectors of V which are bases for com$lementary 
subspaces of W is 
n--m--l 
M = n(qn - qm+j). (2.3) 
j=O 
(d) If W is an m-dimensional subspace of V, then the number of distinct 
subspaces of V which are complementary to W is qmfn+). 
Proof. We first indicate how to derive (b). It is clear that (VI = q”. 
A linearly independent sequence {a,, a2,. . . , a,} of n elements of V may 
be found as follows : First choose a, to be any nonzero element of V. Then 
choose a2 to be any element of V - (aI) (where (al) is the subspace of I/ 
generated by ai). Choose a3 in V - (al, az), and so on. The resulting 
sequence (al,. . . , a,} is a basis of V. There are q” - 1 choices for a,; 
since j(ai)( = q, there are q” - q choices for a,; since I(a,, az)l = q2, there 
are q” - q2 choices for as, and so on. This proves (b). Since any linear 
transformation of I/ is completely determined by its action on a basis of 
V, (a) follows immediately. Statement (c) is proven in the same way as 
statement (b). 
Finally, to see (d), note that 
7%--m-l t&--m-l 
M = fl(q” - q”+j) = nq”(q”-” _ qj), 
j=O j=O 
PZ--n-l 
“4 m(n--m) JE (q+” - qj) = qrncn+) * (GL(n - m, q) I. 
Since W has dimension m, any complementary subspace U of W has 
dimension n - m. The number of distinct ordered bases of U is jGL(n - m, q) 1, 
and so the number of distinct complementary subspaces of W is 
M/IGL(n - m, q)I = qmcn-@. 
LEMMA 2.4. Let W be an m-dimensional subspace of V, and U a 
complementary subspace of W, so that V = W @ U. Let x1, x2,. . ., x,_, 
416 THERESA P. VAUGHAN 
be a fixed basis for U. Then every complementary subspace of W has a basis 
of the form 
Xl + 81, x2 + vi?>. . .I xn-, + v,-wz; ViE w, i = 1, 2,. . ., n - 112. (2.5) 
Proof. Let vi, ve,. . , v,_,, w,, w2,. . . , w,_, be elements of W and let 
U, be the space generated by x1 + vl, x2 + v2,. . . , x,,_, + v,_, and Us 
be the space generated by x1 + pi, x2 + Zeus,.  ., x,_, + TX,_,. It 
is evident that U, and U, are complementary subspaces of W. Suppose, 
for example, that xi + vi is an element of Us. Then (xi + vi) - (xi + ZOO) = 
vi - ZPJ~ is an element of W ll Uz and hence is zero, so that ?/I = ZQ. Thus, 
if for any i, 1 < i < n - m, vi # wi, then U, and Us are different com- 
plementary subspaces to W. The number of sets of elements of V of the 
form (2.5) is evidently qm(n-m), which by Lemma 2.1 is exactly the number 
of complementary subspaces of W, and the result follows. 
3. THE RING OF LINEAR TRANSFORMATIONS OF GF(q”) WHICH LEAVE A FIXED 
SUBSPACE INVARIANT 
Let 1 < m < n, and let I’ be a fixed m-dimensional subspace of 
GF(q”). Let R be the ring of linear transformations of GF($) which 
leave V invariant, and let G be the group of units of R. Let W be a fixed 
complementary subspace of I’, and choose a fixed basis {xi, xs, . . . , x,_,) 
for W. Define a set H = H(V) of nonsingular linear transformations of 
GF(q”) as follows: For each sequence vi, vs, . . , v,_, of elements of V, 
define a linear transformation fO,,wul,,,,,,n_,, of GF(q”) by 
fv,,....v,_,(v) = v for all v E V, 
fv,....,v,_,(%) = xi + vi (i = 1, 2,. . . , n - m). 
Take H to be the family of all such linear transformations. 
(3.1) 
LEMMA 3.2. The set H of elements of G defined by (3.1) is a commutative 
subgroup of G. Every element of H has order p (recall q = pr). The order 
of H is qm(n-m’. 
Proof. The first two statements are clear from the definition of H. 
The order of H is evidently the number of distinct ordered sequences 
Vl> VP,. . ‘, II,_, of elements of V, which is just qm(n-m) as required. 
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LEMMA 3.3. The group H of Lemma 3.2 is uniquely determined by the 
(fixed) subspace V of GF(q”) and the definition (3.1). 
Proof. Consider the set S = {h(x) = f(x) - xIf(x) E H}. Any element 
h(x) of S has the following property: 
h(GF(q”)) = V and h(V) = 0. (3.4) 
We shall show that any linear transformation of GF(q”) satisfying (3.4) 
is an element of S. It suffices to show that the number of such transforma- 
tions is qm(n-7n) = IHI = ISI. Suppose that f( ) x is any linear transformation 
of GF(q”) satisfying (3.4). Let U be any complementary subspace of V. 
Since f(V) = 0, the map f is completely determined by its action on U. 
Thus the number of distinct such maps is the number of distinct linear 
maps from U to V, which is just qm(n-m). This completes the proof. 
DEFINITION 3.5. Given an m-dinzensional subspace V of GF(q”), we 
define H(V) to be the group of linear transformations of GF(q”) defined by 
(3.1). If no confusion is likely, we shall write simply H for H(V). 
LEMMA 3.6. The group H = H(V) is a normal subgroup of G. 
Proof. Take g E G and F, E H. Clearly if v E V, then g-%g(n) = U. 
Suppose now that W is a complementary subspace of V, and xi, x2,. . ,x,_, 
is a basis for W. We show that (g-lhg)(xi) = xi + vi, for some set vi, ‘us,. , 
v,_, of elements of V, and i = 1, 2,. . , n - m. First, since (for each i) 
xi is not in V, it follows from the definition of G that g(q) is an element 
of some complementary subspace of V, say g(x,) E U, where GF(q”) = U @ 
V. By Lemma 2.4, U has a basis xi + ze~i, x2 + ws,. . , x,_, + w,_,, 
wherewjEV,j= 1,2,...,n-m,andwemaywrite 
g(x,) = ti(xl + %) + * * * + L&,-m + ww,-?A, (3.7) 
where the tj E GF(q), j = 1, 2,. . ., n - m. Since F, has the form f,,, ,,21n_m 
for some vi,. . . , v,_, in V, we have 
h(g(x,)) = t,(x, + Wl + 01) + ’ * * + Lm(X,-m + wn-WI + vn-m)1 
= g(x,) + hv, + * * * + LmV,-m, 
= R(%) + v, (3.3) 
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where v = tlvl + * * - + tn_mv,_, is an element of V. Then (g-%g)(xJ = 
xi + g-l(z), and by the definition of G, g-‘(v) E V. Thus g-‘hg is an 
element of H, and H is normal in G. 
DEFINITION 3.9. Let L = L(V) be the family of elements of G whose 
restriction to V is the identity. 
LEMMA 3.10. The family L is a normal subgroup of G which contains H. 
The group L is uniquely determined by the fixed subspace V. 
Proof. It is clear that L is a subgroup of G containing H. If g E G, 
f~Landv~V,then 
(g-lfg)(v) = g-Y(g(v)) = g-‘(g(v)) = vJ 
and so g-lfg E L. The group L is uniquely determined by V, since in fact 
L is just the group of all linear transformations of GF(qn) whose restriction 
to V is the identity. 
THEOREM 3.11. (a) L z H x GL(n - m, q), 
(b) G E L x GL(m, q) z H x GL(n - m, q) x GL(m, q), 
Proof. To see (a), let U be any fixed complementary subspace of V, 
and define GU to be the subgroup of L consisting of elements of L which 
leave U invariant. GU is clearly isomorphic to GL(n - m, q). We show 
that (L( = (HI * (G,( and that H tl Go = {I}. Then, since H is normal 
in L, we have 
H. G,IH z G,/(H n G,) z G,, 
and so IH * GUI = jLI. Then H * G, = L and so L = H x G,. 
We first show that IL\ = IHI * IGvl. The order of H is qm(n-m), and 
the order of L is the number M = q m(n-m)(GL(lz - m, q) I given by Lemma 
2.1(c). Thus we have M = IL] = IHI * [Go]. Next, it follows from the 
definition of H that the only element of H that leaves invariant any 
complementary subspace of V, is the identity; hence H f~ G, = {I}. This 
completes the proof of (a). To see statement (b), we first observe that 
IG/ = IL1 * (GL(m, q)l. It is clear that if we take K to be the subgroup of 
G consisting of those elements of G whose restriction to some fixed com- 
plementary subspace of V is the identity, then K is isomorphic to GL(m, q), 
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and K n L = {I}. By the same argument as in part (a), we have that 
G = K x L = GL(m, q) x L = GL(m, q) x H x GL(n - m, 4). This 
completes the proof. 
4. A SPECIAL CASE: m = 1 
When m divides n, then GF(q”) C GF(q”). The ring of linear trans- 
formations of GF(q”), which leave GF(qm) invariant, can be represented 
explicitly as a ring of linear polynomials. The group H(GF(q)) turns out 
to be a group of linear polynomials which themselves are of independent 
interest. In this section we discuss the case m = 1, and in Sec. 5, we shall 
consider the general case when m divides n. 
It is known (see [7]) that the algebra of linear transformations of GF(q”) 
over GF(q) is uniquely represented by the algebra of polynomials (modulo 
X’J” - x) of the form 
n-1 
f(x) = tz wQi (ai E GFk”)) (4.1) 
equipped with addition, composition of functions, and scalar multiplica- 
tion by elements of GF(q). As in Sec. 3, define R to be the ring of all linear 
transformations of GF(q”) which leave GF(q) invariant. 
LEMMA 4.2. The ring R is represented by the ring of polynomials of the 
form 
n-1 
f(x) = g vQi 
n-1 
(ai E GF(q”) and C a, E GF(q)). (4.3) 
i=O 
Proof. It is evident that a linear transformation f leaves GF(q) 
invariant if and only if f(1) E GF(q). On the other hand, if f is represented 
by the polynomial 
n-1 
f(x) = is WQi> 
then clearly f(1) = C;:l ai. 
Let G be the group of units of R. For convenience, we state the 
following corollary of Theorem 3.11. 
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COROLLARY~.~. The group G has the direct product decomposition 
G g GL(1, q) x H x GL(n - 1, q), 
where H is a commutative group of order qn-l in which every element has 
order 9, and H is normal in G. The order of G is given by 
n-l 
IGI = (q - l)q”-lIGL(n - 1, q)/ = (q - l)qn(n-l)‘z k;l(qk - 1). 
REMARK 4.5. The family 0 of polynomials of the form 
a, E GF(q), (4.6) 
constitutes a subalgebra of R. These polynomials have been extensively 
studied by Ore (see [5] and [B]). It is known that the order of the group 
of units of 8 is given by @(x~ - l), where if P(X) is an element of GF(q)[x], 
@(P(x)) is the number of elements of GF(q)[x] of degree less than the 
degree of P(X) and relatively prime to P(x). An explicit formula for 
@(P(x)) is given by Dedekind in [3] as follows: If k = deg P(x) and 
P(X) = Qi’l(~) * * * QsrS(x) where the Qi(z) are irreducible in GF(q)[x], with 
deg Qi(x) = di, then 
@(P(x)) = qk fi(l - q+). 
j=l 
Since the group of units of 0 is a subgroup of G, we have the following 
theorem. 
THEOREM 4.7. @(x~ - 1) is a divisor of IGI = (q - l)qn-lIGL(n - 1, q) I. 
4.8 THE GROUP H. Recall that the trace of an element a of GF(q”) 
(over GE(q)) is given by 
Tr(a) = a + aQ + an + * * - + aon-‘. 
The map Tr takes every element of GF(q”) into GF(q), and is a linear map 
over GF(q). It follows that the cardinality of ker(Tr) is q+l; i.e., there are 
q”-l elements a in GF(q”) such that Tr(a) = 0. 
We shall show that the group H may be taken to be the family of 
linear transformations f(x) defined by 
f(x) = x + Tr(bx) with Tr(b) = 0. (4.9) 
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LEMMA 4.10. Let S be the set of polynomials of the form 
f(x) = Tr(bx) z&h Tr(b) = 0. 
Then S is a commutative (two-sided) ideal of R, and S2 = 0. In particular, 
every element f in S has theproperty that f(GF(q”)) = GF(q), ad f(GF(q)) = 0. 
The cardinality of S is clearly qn-l. 
Proof. We first show that S is a subring of R. Let f(x) = Tr(bx) and 
g(x) = Tr(&) be elements of S. Since Tr(b) = 0, then f(1) = Tr(b * 1) = 
Tr(b) = 0 E GF(q), so that SC R. Next, (f + g)(x) = Tr(bx) + Tr(cx) = 
Tr((b + +) E S, since the map Tr is linear. Finally, (fog)(x) = 
Tr(b Tr(cx)) = Tr(b) * Tr(cx) = 0 E S ( since Tr(cx) is in GF(q) for all x). 
It is clear that S is commutative, S2 = 0, and if f(x) E S, then f(GF(q”)) = 
GF(q) and f(GF(q)) = 0. 
To see that S is an ideal in R, let g(x) E R, i.e., g(x) = 2:~; aid 
with g(1) = ~~~~ a,E GF(q). Let f(x) = Tr(bx), with Tr(b) = 0, be an 
element of S. Then (recall that, as always, we reduce modulo xg” - X) 
n-1 n-1 
k 0 f)(x) = $z a0r(b4Pi = ,z a, Tr(b4 
= g(1) Tr(bx). 
Since g(1) E GF(q), we have g(1) Tr(bx) = Tr(g(1) - bx), and it is clear that 
Tr(g(1) . b) = 0. On the other hand, to see that (f o g)(x) ES, wrjte 
a0 = k - ~~~~ ai, where k = g(1) E GF(q). Then 
n-1 
= 2 Tr(ba&), 
i=O 
n-1 
= ,G Tr(bQ”-iai’Jn--ix), 
n-1 
= Tr(baox) + C Tr(bqflwiaianeix), 
i=l 
= Tr(b(k ---g:ai)x) +~Tr(bqn-ia,““-‘z), 
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n-1 
+ 2 Tr(bQn--iaiQn--ix), 
i=l 
n-1 n-1 
= Tr(bkx) - 2 Tr(ba,x) + 2 Tr(bqn--iaiqn--iX), 
i=l i=l 
n-1 
= Tr(bkx) + 2 Tr([bqnMiaiqn-’ - ba&). 
i=l 
Every term of the form (b~rt--iai~n-i - bai) clearly has trace 0, and so, if 
we take 
n-1 
c = bk + c (bQn-iaiqn--i - ba,), 
i=l 
then Tr(c) = 0, and (f o g)(x) = Tr(cx). This completes the proof. 
We now define H as follows: 
H = {k(x) = x + /(x)/f(x) E S>. (4.10) 
THEOREM 4.11. The set H defined above, equipped with composition 
of functions, is a commutative normal subgroup of the group G of units of 
R. Every element of H has order p, and the order of H is qn-l. 
Proof. It suffices to observe that H is isomorphic to the additive 
group of S. Thus, for example, if h(x) = x + f(x) E H, then h-l(x) is given 
by x - f(x). 
THEOREM 4.12. The group H defined by (4.10) is the group H(GF(q)). 
Proof. This is a direct consequence of Lemma 3.3. 
REMARK 4.13. The case b’ 4 GF(q) has some special interest, since the 
linear transformations which send GF(q”) to GF(q) are in fact the linear 
functionals on GF(q”). The additive group of the ring S = {f(x) = 
Tr(bx)(Tr(b) = O> is the annihilator of GF(q), which as usual we write 
Wd ‘- Thus we have, in particular, H(GF(q)) = GF(q)l. To be more 
precise, we give the following theorem. 
THEOREM 4.14. (a) The dual space D of GF(q”) is given by 
D = {Tr(ax)]a E GF(qn)}. 
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(b) The annihilator GF(q)l of GF(q) is given by 
GF(q)T = {Tr(bx)lb E GF(pn) and Tr(b) = O}. 
Proof. It is clear that IDI = qn. The elements of D are linear on 
GF(q”) over GF(q), and map GF(q”) into GF(q). This proves (a). Statement 
(b) follows immediately. 
COROLLARY 4.15. The group H(GF(q)) is isomorphic to the annihilator 
of GF(q). 
Proof. See the proof of Theorem 4.11. 
5.THE CASE WHEN 8'8 DIVIDES YZ 
In this case, GF(q”) is an m-dimensional subspace of GF(qR). Let R 
be the algebra of linear transformations of GF(qn) over GF(q) which leave 
GF(q”) invariant. 
LEMMA 5.1. The algebra R is represented by the set of all polynomials 
of the form (where n = mr) 
f(x) =x(x btiX(*(I).I, xbif E GF(q”) (i = 0, 1,. . ., m - l), (5.2) 
equipped with addition and composition of functions (modulo d’ - x) and 
scalar multiplication by elements of GF(q). 
Proof. It is easy to check that the set of polynomials defined by 
(5.2) is in fact an algebra over GF(q). Clearly if f(x) is defined by (5.2) and 
a E GF(q”), then f(x) E GF(q”). It suffices to show now that the number 
N of polynomials defined by (5.2) is the cardinality of R. We first compute 
the number N. The number of polynomials of the form 
r-1 r-1 
~obijxqm'; 11;o bu E GFW'? 
is evidently qn(Y-l)+m. Hence the number of polynomials of the form (5.2) 
is (q?I(r-l)+WL)WL = q m'(r'-T+l). On the other hand, the cardinality of R is the 
product of the following three numbers: 
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(a) the number of linear transformations of GF(p”) over GF(q), i.e., q”‘, 
(b) the number of linear transformations of an n - nz-dimensional 
subspace of GF(q”), i.e., q(n-m)“, 
(c) the number of complementary subspaces of GF(q”), i.e., qm(n-m). 
Thus 
IRl = 2 m’+(n-m)‘+m(n-m) - -4 n’+m’-mn - -4 m’(r’-r+l) = Al. 
This completes the proof. 
DEFINITION 5.3. Let Q = q”, and define 
Tr,(x) = x + xQ + xQ’ + . - - + #-‘, (5.4) 
Thus Tr,(x) is in GF(q”) for all x in GF(q”). 
Define a set S of linear transformations of GF(qn) by 
m-1 
S = g(x) = c TrQ(bixQi)lTr,(bi) = 0, i = 0, 1,. . ., m - 1 
j=O 
THEOREM 5.6. S is an ideal in R, and S2 = 0. In particular, if g(x) E S, 
thert g(GF(q”)) = GF(q”), and g(GF(q”)) = 0. 
Proof. It is clear that S is a subring of R. If f(x) E R is given by (5.2), 
and Tr,(b) = 0, then f(x) o Tr,(bx) is given by 
where ci = (b ~‘j~~ bij) 2 satisfies TrQ(ci) = 0, for each i = 0, 1,. . . , m - 1. 
Thus f(x) o Tr,(bx) E S, and similarly for Tr,(bxq’) when Tr,(b) = 0. 
We now show that if Tr,(b) = 0 and f(x) E R, then Tr,{bf(x)) ES. 
Consider first the case when f(x) E R has the form 
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r-1 r-1 
f(x) = 2 b$zQi; Zbi = B E GF(q"). i=O 
Then if Tr,(b) = 0, we have 
= Tr,(Ax), 
where 
A = G(B -zbj)+ beb,Q_, +a.. t bQr-lb,e’-‘> 
= bB + (bQb;_l - bb,_,) + . *. + (bQ’-‘b,e’-’ - bb,), 
and it is clear that Tr,(A) = 0. Similarly, if f(x) is given by 
V-1 
f(x) = 2 b,xei Q’, 
i ) 
7-l 
with 2 bi E GF(q”), 
1=0 i=O 
for some i between 1 and n, and if Tr,(b) = 0, then Tro(bj(x)) E S. Since 
TrQ is a linear map, it follows that if g(x) E S and f(x) E R, tllen (g o f)(x) ES. 
To see that S2 = 0, it suffices to check that if Tr,(b) = 0 = TrJc), 
then Tr,JbxQi) o TrQ(c&) = 0. Since TrQ(c&) E GF(q”), we have 
TrQ(bx$ o Tr,(c&) = Tr,(b(Tr,(cxQ’))“i), 
= TrQ(c&))ni Tr,(b) = 0. 
The last statement of the theorem is clear from the definition of S. This 
completes the proof. 
THEOREM 5.7. The group H = H(GF(q”)) is givetz by 
H = I&4 = x + &ld4 E S>. 
Proof. This is a direct consequence of Lemma 3.3. 
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